The requirement to evaluate a gain over the wliole signal space is one of the restrictions in the wellknown small gain theorem. Using the concepts of local gain and strict causality a local form of small gain theorem is proposed, which can be used to analyze input magnitntle dependent stability problems of feedback nonlinear systems, such as a Volterra system. An uncertainty model for truncation error and kernel mismatch is derived to address the robustness issue of approximating a nonlinear system by a finite Volterra series in the context of closed-loop control. The local small gain theorem is then used to analyze the feedback properties of the uncertain Volterra system and a sufficient condition for robust, stability is obtained.
Introduction
The small gain theorem plays a fundamental role in the analysis of nonlinear feedback systems using input-output notations. It was first proposed by Sandberg [l] and Zames [2] , and comprehensively discussed in [3, 41. It has found wide applications in analysis where it, is desired to show bounded-input bounded-output stability of a nonlinear feedback system, such as in adaptive control [5] , nonlinear internal model control [SI and robust nonlinear control [7] . The small gain theorem, in its traditional form, has some restrictions on its application. One of the restrictions, as pointed out by Hill [8] , is that, the affine gain formulation can inhibit adoption of input-output stability methods, and so a generalization form of the small gain theorem was proposed there. Another restriction lies in that the gain defined as an operator norm over the entire input, space may not exist; even if exists in theory, its calculation may be too difficult to carry out. Several chemical process control examples were given to reveal 'Author to whom correspondenceshould he addressed. E-mail: zafiriou @isr.umd.edu this restriction and a so called "set gain" was proposed (but not used for feedback analysis) [9] . Volterra series are one of the input-output representations for nonlinear dynamic systems [lo, 111. During the past decades, its representation properties have received intensive investigation (e.g. [la, 131). For chemical process systems, in particular, strong industrial interest has been expressed recently [14] . Unfortunately, very little progress has been made on the feedbatck properties of Volterra systems. One possible explanation of this situation might be that there were not appropriate tools available to systematically solve the problem. Indeed, the closed-loop stability problem of a Volterra system is intertwined with the convergence problem, and the latter is extremely difficult to analyze quantitatively in general. In this paper, a novel form of the small gain theorem is given and then used to address the feedback properties of uncertain Volterra systems.
A Local Form of Small Gain Theorem
The basic formulation for a feedback system can be expressed in the functional form y = H ( e ) , e = u -y (1) where U denotes the external input, y the output and e the actual input to the operator H. U , y and e are functions of time t; usually they are defined for t E R, (nonnegative real number) and take values in R . Let PT be the linear map .PT : R+ + R, such that withfr(t) = P~f ( t )
we mean that,
A
An extended normed space Lpe is defined as
where This suggests that (P-' .y,,) is also a system gain.
Since c can be any positive constant, the only possibility for this to be true is y, , = 00 or y, , = 0 (this is a trivial case). Hence, this system does not have a system gain; (b) even if siich a system gain exists, its determination is quitre difficult for a general nonlinear system. In fact, a systematic method for evaluating a system gain using input-output notations is available only for linear and memoryless nonlinear systems [4] . The above suggests the necessity for deriving a local form of the small gain theorem, which only utilizes the system properties for those input signals that belong to some subset of Le. 
Uncertainty description of Volterra systems
In this paper, we will only consider those systems which possess Volterra series representation and the kernel mismatch and truncation error are their exclusive uncertainty sources. The system in which the uncertainty also comes from the external disturbance is discussed in 
Usually, the exact k _ i s unknown. In this case, fin may differ from H,,. To establish an uncertainty model for both the kernel mismatch and truncation error, we first make the following assumptions:
(a) the original system H has a local gain y~ < 00 for llUlloo 5 4 for all T, i = 1,2, then one can show that (HI -H2)
satisfies ( 2 5 ) .
From these examples we can see that fI contains a quite general class of uncertain syst,ems.
Robustness analysis of uncertain feedback Volterra systems
We will investigate the nonlinear control problem using a nonlinear version of Internal Model Control (NIMC) (cf. [6, 171). Consider the additive uncertainty family fI where the nominal model fi is assumed to be a time-invariant, stable and causal operator. An IMC-based control system takes the form of figure 1. The disturbance z is assumed to be independent of the dynamics of the plant; those disturbances which are not Independent of the dynamics are assumed having been included in fI. In the diagram, CH is the nominal compensator which is designed based on H , and Cf is the robustness filter. As long as closed-loop stability is concerned, the above IMC structure can be rearranged as figure 2.
As-
The IMC-based control system structure a sufficient condition for this to be true is, (a') R C H C~ be strictly causal;
Since From the local small gain t h-eorem, - 
Concluding Remarks
Using the concepts of local gain and strict causality, a local form of small gain t,heorem has been derived. The proposed method can be used to address the input magnitude dependent, stability issue, which is unavailable in traditional functional analysis methods. This new result is useful in analyzing the properties of feedback Volterra systems and the stability of inverse Volterra series [18] . , Uncertainty modeling for a nonlinear system is a very challenging issue. In the case where a finite Volterra series is used as a nominal model for a nonlinear system, two different uncertainty models have been derived, one for the truncation error and the another for both the truncation error and the kernel mismatch. A robust stability condition has been established through the use of the local small gair. theorem. Some results (e+., the approximate local gain) may be conservative in applications. But it is found that, these resiilts are very useful in establishing a control-relevant identification criterion [19] .
